It has been argued in the literature that in order to make a matter dominated Friedmann-LemaitreRobertson -Walker universe compatible with the generalized second law of thermodynamics, one must invoke dark energy, or modified gravity. In the present article we investigate if in a similar spirit, inhomogeneous cosmological models can be motivated on thermodynamic grounds. We examine a particular minimal void Lemaitre-Tolman -Bondi inhomogeneous model which agrees well with observations. While on the one hand we find that the entropy associated with the apparent horizon is not well-behaved thermodynamically, on the other hand the canonical Weyl curvature entropy shows satisfactory thermodynamic behavior. We suggest that evolution of canonical Weyl curvature entropy might be a useful way to evaluate the thermodynamic viability of inhomogeneous cosmologies.
I. INTRODUCTION
Supernovae Ia observations in 1998 first hinted at the accelerated expansion rate of the universe [1, 2] . In a homogeneous and isotropic universe this accelerated expansion can be explained only by assuming a fluid with negative pressure. Such a fluid is referred to as dark energy. Ever since then there have been various candidates proposed for dark energy and also there have been various attempts to explain the accelerated expansion rate without invoking any dark energy component. The most popular and the simplest candidate for dark energy is cosmological constant (Λ). As the name suggests the energy density associated with cosmological constant does not evolve with time. One quantity which can play the role of cosmological constant is the vacuum because vacuum energy has the same equation of state as Λ. But the problem with Λ is that the value required to match with observation is smaller than its predicted value of vacuum energy from quantum field theory by a factor of 10 120 . Therefore, the origin of cosmological constant is still unknown. And also the observed value of energy density of cosmological constant is of the same order as that of matter. This is called coincidence problem. There are other models of dark energy too namely, quintessence and k-essence models. In these models the dark energy evolves with space and time. Quintessence models solve the coincidence problem [3] [4] [5] . k-essence models have non-standard form of kinetic energy. In these models the universe is likely to go through big rip which means that the scale factor would become infinite some time in future and the large scale structures would be ripped apart and in some quintessence models there would come a time for freeze out which means the structures would collapse into each other.
Working within the framework of Einstein gravity dark energy is required only in homogeneous and isotropic uni- * priti@tifr.res.in † tpsingh@tifr.res.in verse. Since the scale of homogeneity is still not well established, it is perhaps interesting to relax this assumption of homogeneity of space and see whether dark energy is still required to explain the cosmological observations. Many exact inhomogeneous solutions of Einstein equations have been found. Only Lemaître-Tolman-Bondi (LTB), Szekeres and Stephani models have been studied in the context of cosmology. LTB is spherically symmetric dust solution of Einstein equations [6] [7] [8] . Szekeres is dust solution of Einstein equations [9] . Stephani metric is solution of Einstein equation when the energy density of the source has a pressure gradient [10] . There have been many inhomogeneous models proposed which attempt to explain the cosmological observations without assuming any dark energy component .
While the existence of dark energy was first hinted by SN Ia observations, there is a recent study which shows that for the generalized second law of thermodynamics to hold in Friedmann-Lemaître-Robertson-Walker (FLRW) universe a dark energy component or something equivalent in modified gravity models must exist [32, 33] . The authors of [32, 33] defined the gravitational entropy as sum of matter entropy and the entropy of the apparent horizon. Apart from FLRW models, these authors investigated various other cosmological models and found that Chaplygin gas models [34, 35] , some holographic dark energy models [36, 37] , Dvali, Gabadadze and Porrati (DGP) brane model [38] [39] [40] and Cardessian model [41] are allowed by generalized second law of thermodynamics. Therefore the existence of dark energy is demanded not only by observations but also by thermodynamics. Now it is interesting to see whether the inhomogeneous models which claim to explain the cosmological observations without dark energy satisfy the generalized second law of thermodynamics. For this we first need to define the gravitational entropy in inhomogeneous models. As a first step we follow the work of Pavon and Radicella by which we mean that we also define gravitational entropy as sum of the matter entropy and the entropy of the apparent horizon. But this definition may not be not universal because the apparent horizon may not exist in some inhomogeneous models while every gravitating system possibly has a gravitational entropy. Therefore, we explore other candidates of gravitational entropy as well. We consider Penrose's Weyl curvature hypothesis which proposes the relation between the gravitational entropy and Weyl tensor [42] . Following this hypothesis many different forms of entropy have been proposed [43] [44] [45] [46] [47] [48] . And there have been various studies on the thermodynamics of various spacetimes [49] [50] [51] [52] [53] [54] . We choose few candidates of entropy and also a realistic inhomogeneous model. By realistic inhomogeneous model we mean that such an inhomogeneous model which provide a good fit to the data. Then we investigate whether these candidates can represent gravitational entropy for the realistic inhomogeneous models.
The plan of this paper is as follows: Section II briefly explains Pavon and Radicella's work related to thermodynamics of cosmological models. In section III we briefly recall LTB models. Section IV describes the LTB void model for which we want to calculate the entropy. In section V we explain the apparent horizon and calculate the entropy of the LTB model. The results are shown in the same section. In section VI various other candidates of gravitational entropy are calculated in LTB model and the results are shown and interpreted. Then we discuss the results in section VII.
II. THERMODYNAMICS AND COSMOLOGICAL MODELS
The generalized second law of thermodynamics [GSLT] states that for a system to tend towards thermodynamic equilibrium its entropy should be ever increasing and its evolution should be of convex nature i.e. the entropy should satisfy the following two conditions: S ′ > 0 and S ′′ < 0 [55] , where prime denotes an evolution parameter such as the scale factor or cosmological time. Pavon and Radicella [PR] have studied the thermodynamics of FLRW and some modified gravity models and argued that dark energy (or alternatively, modified gravity) is indicated on thermodynamic grounds [32] . Below we briefly describe PR's work:
PR proceed to calculate S ′ and S ′′ in FLRW models as follows: The entropy of a FLRW universe is sum of the entropy of the apparent horizon and the entropy of the fluids enclosed by the horizon. They chose the entropy of apparent horizon because the apparent horizon in FLRW universes always exists (which is not generally true for the particle horizon and the future event horizon) and is assumed to possess an entropy proportional to its area [56, 57] and also a temperature [58] . Besides, it appears to be the appropriate thermodynamic boundary [59] . Further, they assume that the entropy of the apparent horizon is proportional to its area via the following equation:
where l P l and k B are Planck length and Boltzmann constant respectively. A is the surface area of the apparent horizon and can be calculated from
r A is the radius of the apparent horizon and H the Hubble factor of the FLRW metric [56] . Using Friedmann equations and the conservation equation it can be shown that
and The entropy of the fluid enclosed by the apparent horizon is calculated from following equation:
where N is the number of dust particles contained within the apparent horizon. This equation calls for an explanation. As noted by [32] , since one is dealing with pressureless matter (i.e. dust), the matter is cold, and has an effective temperature T = 0, which does not permit the definition of an entropy in a traditional manner. Hence they propose associating one unit of entropy (k B ) with each particle. We can also motivate this somewhat differently, by considering the fundamental relation
at a constant temperature T , and by noting that because the matter is non-relativistic [dust], the pressure is extremely small, and the pressure term may be ignored.
Then by comparing the left and right hand side, and treating the temperature as a very small but non-zero quantity which cancels out, Eqn. (2.7) follows, being the same relation as proposed by [32] . In homogeneous and isotropic universe N should have the following form:
where n = n 0 a −3 is the number density of dust particles. Substituting the form of N into the expression of matter entropy we obtain
which shows that the matter entropy is proportional to a Thus it has been shown by PR that in a pure matter FLRW universe the total entropy which is the sum of matter entropy and the entropy of the apparent horizon does not satisfy the convexity condition. When a dark energy component is added to the FLRW universe the entropy satisfies the generalized second law of thermodynamics. This dark energy can be the cosmological constant or a evolving dark energy i.e. quintessence or k-essence models.
PR also studied the thermodynamics of modified gravity models. They found that Chaplygin gas model [34, 35] , some holographic dark energy models [36, 37] , Dvali, Gabadadze and Porrati (DGP) brane model [38] [39] [40] and Cardessian model [41] also is in keeping with the generalized second law of thermodynamics.
III. LTB MODELS
The LTB metric is the spherically symmetric solution of Einstein equations for dust source. In comoving coordinates the LTB metric is given by:
where Φ(t, r) is the area distance to the comoving shell at distance r from the origin and k(r) is the curvature function.
Applying the LTB metric to the Einstein equations we obtain following equation:
and
where κ = 8πG/c 4 and M (r) is the gravitational mass within the comoving shell of radius r.
The Einstein Eqn. (3.2) has following solutions depending upon the sign of the curvature function k(r) :
where t B (r) is called the bang time function. It tells the time of big bang for worldlines of comoving radius r.
The case when k is positive, the evolution is called elliptic evolution because in this case the universe is closed which means that the the expansion of the universe would stop and after sometime it will start collapsing. The case when k is negative, the evolution is called parabolic. In this case universe is open and it will be ever expanding or ever collapsing. The last case when k is zero, the universe is flat which means that the expansion or the contraction will be everlasting. The LTB metric will yield FLRW metric if the mass density is homogeneous. In LTB model there are three arbitrary functions out of which one is fixed by the coordinate choice since the equations so far are covariant under coordinate transformations.
IV. MINIMAL LTB VOID MODEL
We are interested in studying the evolution of the entropy in a realistic LTB void model which is a good fit to observations. There is one such minimal void model by Alexander et al. (AMV) which is good fit to SN Ia data and is also consistent with the WMAP 3-year data and the local measurements of Hubble parameter [23] . In this LTB void model the mass function, the curvature function and bang time function are defined as follows: given by
where M P is the Planck mass,M , k max and L are parameters in the model. L is also the size of the LTB void beyond which the universe is described by FLRW metric. where h out is the Hubble parameter in the FLRW region. k max is a parameter related to the density contrast at the center of the LTB void.
V. THERMODYNAMICS OF AMV MODEL
Motivated by the work of PR we wish to see whether AMV model is in agreement with GSLT. For this we will calculate the gravitational entropy in this model and see whether the entropy satisfies both the conditions of GSLT. As a first step, following PR we also define entropy as sum of the entropy of the apparent horizon and the matter entropy. Before calculating the entropy of apparent horizon, we briefly recall the definition of apparent horizon and its mathematical expression for LTB models.
A. Apparent horizon
Since we want to calculate the entropy of apparent horizon, it is necessary to first define what an apparent horizon is and what is the mathematical condition for it to exist in a LTB universe. An apparent horizon is the outer envelope of a region of closed trapped surfaces. A closed trapped surface S t is such a surface from which it is impossible to send a diverging bundle of light rays. At this surface both the outward-directed and the inwarddirected bundles immediately converge. Mathematically, this statement can be written as:
where k µ is the tangent vector to the surface. The mathematical condition for the apparent horizon in LTB spacetime is [60] :
After having written the mathematical expression of the apparent horizon in LTB models, we proceed to find to calculate the apparent horizon in AMV model using the following algorithm:
B. Algorithm to find the Apparent Horizon in AMV Model
Since AMV model contains two different spacetimes in the range r < L and r > L, we will calculate the 
3)
where η is a parameter.
2. Since the area radius of the apparent horizon in LTB spacetime follows the condition given in eqn. (5.2), the above two equations reduce to the following two equations at r = r A :
( 5.6) 3. We then eliminate η from eqns. (5.5) and (5.6) to find the following equation:
Above equation can also be written as:
4. In the above equation we substitute the functions M (r), k(r) and t B for AMV model and obtain the time at which the apparent horizon lies at r = r A Mpc.
However, the above algorithm will work only when r < L where L is the size of the LTB void because the sign of the curvature function k(r) inside the void is different from that at the boundary of the void. Hence, the solution to the Einstein equations will also be different at the boundary. Therefore, we use the following algorithm to calculate the apparent horizon at the boundary of the LTB void:
Case 2: r = L (At the boundary of the void):
1. Since the curvature function is zero at the boundary, the area radius at the boundary is obtained from the following equation which is the solution to the Einstein equation for LTB spacetime with curvature function k(r) as zero:
2. Alternatively, one can also find the area distance by solving the Einstein equations for flat FLRW spacetime because r = L is the interface between LTB and FLRW spacetimes in the AMV model. The solution to flat matter dominated FLRW tells that the area distance at the boundary is:
r. 
We calculate the apparent horizon at the boundary using above equation.
Case 3: r > L (Outside the void):
1. In AMV model the universe is described by flat FLRW metric outside the LTB void. Therefore, we will use the solution of the matter dominated FLRW equation to find the apparent horizon. In matter dominated flat FLRW universe the scale factor is given by
2. We substitute the functional form of the scale factor into the following equation:
which is same as Eqn. (5.2) with Φ written in the form of its FLRW limit.
3. After substituting the scale factor into Eqn.(5.13), we obtain the following equation:
14)
The above equation will give the radius of apparent horizon as a function of time in the FLRW region.
C. Entropy in Minimal LTB Void Model
After having found the area radius of apparent horizon, we calculate the gravitational entropy using the following algorithm:
1. Following PR we also calculate the entropy of the apparent horizon from the following equation:
where A is the surface area of the apparent horizon and l P l is Planck length.
Then we calculate the matter entropy as follows:
If there are N dust particles each of mass m, the matter entropy of the system would be given by
3. Assuming that the dust particles are noninteracting and dividing the total mass contained within the apparent horizon by the mass of the dust particle we obtain the number of particles as
where m is the mass of the dust particle and M (r)c 2 /G is the total gravitational mass contained within the comoving shell of radius r. 
5. We assume m = 10 10 M ⊙ because it is mass of a typical galaxy and galaxy is considered to play the role of dust particle at cosmological scales. However, we find that our results do not change when we vary m in a significant range around this value. Fig. 1 shows that the entropy of the apparent horizon is concave in nature. Fig. 2 displays the behavior of the matter entropy with time. Fig. 2 shows that the matter entropy increases almost linearly with time. This linear behavior was expected also. The matter entropy is proportional to the mass contained within the apparent horizon. According to Eqn. (5.2) this mass is proportional to the area radius radius of the apparent horizon which increases linearly with time. Hence, the double derivative of the matter entropy will be very small compared to that of the entropy of the apparent horizon ( 2). The total entropy is the sum of the matter entropy and the entropy of the apparent horizon. Since the apparent horizon entropy is of concave nature and double derivative of the matter entropy is very small, the sum of these two entropies will also be of concave nature. Therefore, according to this definition of entropy this minimal void model does not satisfy the second condition of the generalized second law of thermodynamics. One could hence take the stance that the model is antithermodynamic or this definition is not a good representative of entropy in this minimal void model.
D. Results
Another approach however would be to argue that inhomogeneous cosmological models which do not possess spatial symmetry may not have an apparent horizon at all. Keeping such a situation in mind, one could advocate looking for a more generic measure of gravitational entropy, such as Weyl curvature. We investigate this next.
VI. WEYL TENSOR AND GRAVITATIONAL ENTROPY
The Weyl curvature hypothesis was proposed by Penrose. The starting point for the Weyl curvature hypothesis is the observation that the Big Bang singularity was very special. Penrose argues that the universe must have been in a low entropy state initially in order for there now to be a second law of thermodynamics. Assuming, as is commonly done, that the matter content of the universe was in thermal equilibrium near to the big bang, and therefore in a state of high entropy, one needs the contribution to the entropy from the rest of physics, which means the contribution from gravity or equivalently geometry, to be low. That is, the geometry must be highly ordered. Penrose introduced the concept of gravitational entropy and proposed that it is related to Weyl tensor. This hypothesis is called Weyl curvature hypothesis. The reason for proposing that the gravitational entropy is related to Weyl tensor because Weyl tensor is zero in a homogeneous state and it is non-zero for a universe with inhomogeneous structures.Therefore, if the gravitational entropy is related to Weyl tensor, it would evolve from a low entropy state to high entropy state which would be in accordance with the second law of thermodynamics.
Following the proposal of this hypothesis many candidates of the gravitational entropy have been proposed.
A. Candidates for gravitational entropy
We consider the following candidates for gravitational entropy motivated by the discussion in [53] :
where C is Weyl scalar which is defined as
h is the determinant of the spatial part of the metric. Here and in the following, the fundamental length unit Planck length l P l has been introduced so as to obtain correct dimensions for entropy.
2. The standard canonical definition [44] 
where C abcd is the Weyl tensor, and R ab is the Ricci tensor.
Substituting eqns. (6.4) and (6.5) into the Eqn. (6.3) we obtain
3. The integrated version of the canonical definition:
4. The third candidate is the canonical definition multiplied by the square root of the determinant of the spatial metric [45] ,
(6.9) We consider this candidate because it is shown in [45] that it is in accordance with the second law of thermodynamics. We investigate whether it can represent gravitational entropy in AMV model. We calculated four different candidates of the gravitational entropy proposed in the literature. We find that the first definition which is the integral of Weyl scalar over the volume of the void decreases with time. Hence, it does not represent the gravitational entropy. The second candidate which is the canonical definition of entropy increases linearly with time. When we add this entropy to matter entropy, the total entropy satisfies both condition of the second law of thermodynamics. Hence, the canonical definition represents the gravitational entropy in this LTB model. The third candidate is the integral of the first candidate over the volume of LTB void. This entropy increases with time but the entropy is of concave nature which does not satisfy the second condition of the GSLT which demands the convexity of entropy. Hence, the third candidate also does not represent the gravitational entropy. The fourth candidate also increases with time but it is not of convex nature. Hence, this candidate also does not represent the gravitational entropy. Therefore, the canonical definition of Weyl entropy is a good representative of the gravitational entropy in the AMV model.
We would like to propose that further investigations of realistic inhomogeneous cosmological models should be carried out, to investigate the behavior of the canonical Weyl entropy. Such studies could help discriminate between different inhomogeneous models on thermodynamic grounds.
VII. DISCUSSION
We considered following five candidates for gravitational entropy:
1. The sum of the entropy of apparent horizon and matter entropy.
2. The integrated Weyl scalar over the LTB volume.
3. The canonical definition.
4. Integrated canonical entropy over LTB volume.
5. The product of canonical entropy by the square root of determinant of spatial metric.
We calculated these candidates of entropies for AMV model and found the following results.
1. The entropy of the apparent horizon is positive and increases with time. But its time evolution is concave in nature. The matter entropy increases almost linearly with time. Therefore, the sum of these two entropies would be of concave nature. Here, one should note that the matter entropy depends upon the mass of the dust particle. However, since the mass of the dust particle is just a multiplicative factor in the expression of matter entropy, its concave or convex nature will not change regardless of the mass of dust particle because the matter entropy increases linearly with time. Thus, we can infer that this candidate is not in keeping with second condition of GSLT. Therefore, it cannot be gravitational entropy for AMV model. However, we do not rule out this candidate for all inhomogeneous models. One should test this candidate for other models as well.
2. The integral of Weyl scalar over AMV volume is positive but decreases with time. It does not fulfill the first condition of GSLT which requires the entropy to be ever increasing. Hence, integrated Weyl scalar does not represent gravitational entropy in AMV model.
3. The canonical definition of gravitational entropy varies with comoving distance as well as with time. Therefore, we fix different values of r and study its evolution. We find that it shows same behavior for four different values of r in the large range 100-400 Mpc at interval of 100 Mpc. Hence, we can infer that the behavior of evolution of canonical entropy does not change with cosmological distance. Canonical entropy is positive and ever increasing. The rate of increase is almost linear and hence it fulfills the convexity condition of GSLT. Therefore, when this is added to the canonical entropy, the total entropy increase is in accordance with GSLT. Therefore, it can be a good representative of gravitational entropy in AMV model. However, this candidate should be tested for other inhomogeneous models as well to put stringent constraints on its being gravitational entropy candidate.
4. The integrated version of canonical definition of entropy is positive and is ever increasing also. However, the rate of increase is of concave nature. Hence, this candidate is not in keeping with the second condition of GSLT. Even when added to matter entropy its evolution will not be of convex because the matter entropy increases linearly with time and hence its second derivative with respect to time is zero and therefore it will not alter the overall behavior of total entropy. The nature of only the gravitational entropy candidate will decide whether the total entropy is concave or convex.
5. The last candidate which we studied is the product of canonical entropy and the square root of the determinant of spatial metric. This candidate also depends upon time as well as on the comoving distance r. We fix four different values of r in the range 100-400 Mpc at interval of 100 Mpc and study its evolution. We find that for all these values this candidate shows same behavior. Hence, the evolution of this candidate does not depend on the cosmological distance. It is positive and increases monotonically. However, its evolution is of concave nature and hence it does not fulfill the convexity condition of GSLT. Therefore, this candidate also does not represent the gravitational entropy in AMV model.
We summarize our results by saying that out of all the five candidates of entropy only canonical definition fulfills all conditions of GSLT in AMV model. This candidate should further be studied for other inhomogeneous models.
Assuming that canonical definition is the correct definition of gravitational entropy AMV model is in keeping with the generalized second law of thermodynamics. Hence, dark energy is not required in a LTB void model by generalized second law of thermodynamics while it (or some alternative) is required in FLRW models (or modified gravity models).
Note added in proof. -It has been brought to our attention [61] that unlike what we stated at the start of Sec. IV above, the full analysis of the CMB spectrum in the AMV model was carried out in [26] , and that the fitted local Hubble parameter is extremely low. Observational constraints on LTB models have been studied in [20] , [27] and also in [62] , [63] . While we agree that there are very strong observational constraints on LTB void models, one can nonetheless explore their thermodynamic properties, as has been done by us in this paper. It was pointed out to us [64] that gravitational entropy in LTB dust models has been studied also in [65] using the Clifton-Ellis-Tavakol and Hosoya-Buchert proposals for entropy.
